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Abstract 

A criterion to determine the L-S category of a total space of a sphere-bundle over a sphere is given 
in terms of homotopy invariants of its characteristic map, and thus providing a complete answer to 
Ganea's Problem 4. As a result, we obtain a necessary and sufficient condition for such a total space 
N to have the same L-S category as its 'once punctured submanifold' N \ {P}, P £ N. Also a 
necessary condition for such a total space M to satisfy Ganea's conjecture is obtained. 



1 Introduction 

The (normalised) L-S category cat (AT) of X is the least number m such that there is a covering of X 
by m + 1 open subsets each of which is contractible in X, which is the least number m such that the 
diagonal map A m+ i : X — > f| m+1 X can be compressed into the 'fat wedge' T m+1 (X) (see James B 
and Whitehead [^0]). By definition, we have cat({*}) = 0. 

This simple definition, however, does not suggest a simple way of calculation. In fact, to determine 
the L-S category of a sphere-bundle over a sphere in terms of homotopy invariants of its characteristic 
map is listed as Problem 4 of Ganea in 1971. Although a tight connection between L-S category and 
Bar resolution is pointed out by Ginsburg || in 1963, this homological approach is not strong enough 
to solve Ganea's problems on L-S category. 

Ganea's Problem 2 is also a basic problem on c&t(XxS n ), where we easily see c&t(XxS n ) — cat (AT) 
or cat(X) + 1: Can the latter case only occur on any X and n > 1 ? The affirmative answer had become 
known as "Ganea's conjecture" or "the Ganea conjecture" (see James particularly for manifolds. By 
Singhof jt7| followed by Montejano ]jl| , Gomez-Larrahaga and Gonzalez- Acuha Q and Rudyak jn| |l6| , 
the conjecture is validated for a large class of manifolds. 

The first closed manifold counter-example to the conjecture was given by the author Q as a total 
space of a sphere-bundle over a sphere, using concrete computations of Toda brackets depending on 
results by Toda l|| and Oka |Q. Also, Pascal Lambrecht, Don Stanley and Lucile Vandembroucq p0| 
and the author [ 7jprovided manifolds each of which has the same L-S category as its once punctured 
submanifold. 

The purpose of this paper is to determine the L-S category of a sphere-bundle over a sphere in 
terms of a primary homotopy invariant of the characteristic map of a bundle, providing simpler proofs 
of manifold examples in |Q. Using it, we could obtain many closed manifolds each of which has the same 
L-S category as its once punctured submanifold and many closed manifold counter-examples to Ganea's 
conjecture on L-S category. 

Throughout this paper, we follow the notations in HQ]: In particular for a map / : S k — * X, a 
homotopy set of higher Hopf invariants H^(f) = {[Hf n (f)] | a is a structure map of cat X<m} (or its 
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stabilisation H^if) = Hf n (f)) is referred simply as a (stabilised) higher Hopf invariant of /, which 
plays a crucial role in this paper. For / : S k — > S e , we identify iff (/) and Wf(/) with their unique 
elements, and = £°°ifi(/). 

The author would like to express his gratitude to Hans Baues, Hans Scheerer, Daniel Tanre, Fred Co- 
hen, Yuli Rudyak and John Harper for valuable conversations and Max-Planck-Institut fur Mathematik 
for its hospitality during the author's stay in Bonn. 



2 L-S category of a sphere-bundle over a sphere 

Let r > l,t > and E be a fibre bundle over 5 t+1 with fibre S r . Then E can be described as 
S r U* S r xD t+1 , with * : S r x S" -» S* r (see Whitehead |(J). Hence £ has a CW decomposition 
S 1 " U a e t+1 e r+t+1 with a : ,5* -> S r and V : S r+t -v Q = 5 r U a e* +1 given by the following formulae: 

a = *l{*}xS', ■0ls— 1 x_D* + i = Xa°Pr 2 i V'l/J'-xSt = *°(WrXlgt): 

where we denote by \f '■ (C(^)>A) — > (Ct,B) the characteristic map for / : A — > _B and let w r = 
X(*:S r - 1 -»£*})' When r = 1, the L-S categories of E and Q are studied by several authors; especially by 
Singhof in the case when r = t = 1. We summarise known results in this case. 

Fact 2.1 Let r = 1. TTien we /iai>e £/ie following. 

(t =f 0) cat(QxS") = 2, cat(Q) = 1, cat (£7) = 2, cat(£xS" 1 ) = 3. 

(t = 1, a = ±1) cat(QxS*«) = 1, cat(Q) = 0, cat (£7) = 1, cat(£7xS") = 2. 

(t = 1, a = 0) cat(QxS") = 2, cat(Q) = 1, cat (£7) = 2, cat^xS" 1 ) = 3. 

(t = 1, a =f 0,±1) cat(QxS" 1 ) = 3, cat(Q) = 2, cat (£7) = 3, cat(£xS") = 4. 

(t > 1) cat(Qx5") = 2, cat(Q) = 1, cat (£7) = 2 7 cat(£xS n ) = 3. 

When r > 1, we identify H^(a) with its unique element, say Hi(a), since a sphere 5 lfe has the unique 
structure o-(S k ) : $ fe — > EOS' fe for cat(S fc ) = 1, fc > 1. We summarise the known results (due to 
Berstein-Hilton [0) from 0, Facts 7.1, 7.2]. 

Fact 2.2 Let r > 1. TTien we /iaue £/ie following. 

(t < r) cat(QxS") = 2, cat(Q) = 1, cat (£7) = 2, cat(£x£ n ) = 3. 

(t = r,a = ±l<?r) cat(Qx5") = I, cat(Q) = 0, cat (£7) = 1, cat(£7xS") = 2. 

(t = r, a ^ ±l S r) cat(QxS n ) = 2, cat(Q) = 1, cat (£7) = 2, cat(£xS n ) = 3. 

(t > r, Hi(a) = 0) cat(QxS n ) = 2, cat(Q) = 1, cat (£7) = 2, cat(£x5") = 3. 

(t > r, i?i (a) / 0) cat(Qx5 n ) = 3 or 2, cat(Q) = 2, cat (£7) = 2 or 3, cat(£7xS") = 3 or 4. 

By Q and |t], Theorem 5.2, 5.3, 7.3], the following is also known. 

Fact 2.3 When r > 1, t > r and a ^ ±1, we also have the following. 

(1) T, n Hi(a) = implies cat(Qx5 n ) = 2, and £™ +1 iii(a) ^ implies cat(QxS n ) = 3. 

(%) cat(£) — 2 if and only if H^(ip) 3 0, and cat(£) = 2 implies c&t(ExS n ) — 3 /or oZi n. 

(3) £™£Tf ft/>) 3 imp/ies cat(£xS*™) = 3, and T, n+r+1 h 2 {a) ^ implies cat(£xS*™) = 4. 



Remark 2.4 When a is in meta-stable range, H\{a) : S — > J7S ,r *f2S''* is given by the second James- 
Hopf invariant /12(a) : S l — > S5 r_1 A5 r_1 composed with an appropriate inclusion to a wedge-summand. 
Thus we may regard h,2{oi) — H\(a) when a is in meta-stable range. 

But a higher Hopf invariant iJf (VO is n °t very easy to determine. Our result is as follows: 
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Theorem 2.5 Let cat(Q) = 2 with t > r > 1, Then ijf (VO contains if and only if T, r Hi(a) 
0. More generally for a co-H-map (5 : S v -> 5 r+t , P 2 s O°/3) = /3*.ff# 
S r i?i(a)o/3 = 0. 



, H^iipoP) — 13* H 2 (ib) contains if and only if 



The result is obtained by the following lemma for Q of cat(Q) = 2 with t > r > 1. 

Lemma 2.6 H^ip) 3 i[(i*lnQ^QQ)oT, r Hi(a)], where the bottom-cell inclusion i : 5 r 
denotes the adjoint of the inclusion i : S r > Q • 



By combining above facts with Theorem 2.5, we obtain an answer to Ganea's Problem 4: 
Theorem 2.7 
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implies cat(Qx S 1 ™) — 2 ancZ 
3. 
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implies c&t(Qx S n ) 

3 Applications and examples 

Firstly, Theorem |2.7| yields the following result. 
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S r +**iTl(a) = implies cat(iJxS") = 3 and 
Y, r+n + 1 h 2 (ct) implies cat(BxS") = 4. 



Theorem 3.1 Let a manifold N be the total space of a S r -bundle over S t+1 with a characteristic map 
# : S r xS t S r , t > r > 1, and let a = 9\ S t. Then cat(iV \ {P}) = cat(JV) i/ and only if Hx(a) ^ 
and 17 Pi (a) = 0. 

This theorem provides the following examples. 

Example 3.2 Let p be an odd prime and a = T]2°ai(3)oai(2p) . Then we have that H\(a) = 



ai(3)°cti(2p) ^ and T,' 2 Hi(a) = by \lf\j. Let N p — > S 4p 2 be the bundle with fibre S 2 induced 
by E(ai(3)o ai (2p)) : S ip ~ 2 -» S 4 /rom tfie feundZe CP 3 -> HP 1 = S 4 roii/i /&re S*p(l)/P(l) = S 2 . By 
the argument given in j^j shows that N p has a CW- decomposition as N p w S 2 U a e 4p ~ 2 e 4p . Then 



Theorem 3.1 implies that cdX(N p ) = c&t(N p \ {P}) = 2. 



Example 3.3 (@) Let p be a prime > 5 and a — r/2°ai(3)oct2('2p) as in Qj. Then we have that 



H\(a) = «i(3)oa2(2p) ^ and T, 2 Hi(a) = by |P]/. Let L p — > S' 6p 4 &e £/ie bundle with fibre S 2 induced 
by S(q! 1 (3)oq; 2 (2p)) : S* 6p - 4 -> S" 1 /rom toe 6un<«e CP 3 -> HP 1 = S 4 mi/i /&re Sp(l)/U(l) = S 2 . By 
the argument given in ^ shows that L p has a CW- decomposition as L p w S 2 U a e 6p_4 e 6p ~ 2 . Then 
Theorem 3.1 implies that caX(L p ) = cat(L p \ {P}) = 2. 



Secondly, Theorem 2.7 also yields the following result. 



Theorem 3.4 Let a manifold M be the total space of a S r -bundle over S t+1 with a characteristic 
map * : S r xS t -> S r , t > r > I, and let a = #|<jt. //E r Pi(a) ^ and Hi(a) = 0, then M is a 
counter-example to the Ganea's conjecture on L-S category; more precisely, cat(M) = cat(Mx5") = 3 
if S' r Pi(a) ^ and £"+' r Pi(a) = 0. 



This theorem provides the following manifold counter examples to Ganea's conjecture on L-S category. 
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Example 3.5 Let p = 2 and a — ^or/^oe^. Then we have that Hi(a) = r) 2 oe$ ^ 0, T, 2 Hi(a) ^ and 
£ 6 ffi(a) — by jJ^I- Let M2 — > S* 14 6e i/ie bundle with fibre S 2 induced by E(r/|oe 5 ) : S 14 — > 5 4 /rom i/ie 
6tmdZe CP 3 -> HP 1 = S 4 with fibre Sp(l)/U(l) = S 2 . By the argument given in ^ shows that M2 has a 



CW- decomposition as M2 ~ S' 2 U Q ,e 14 U^,e 16 . Then Theorem 3.4 implies that cat(M2 xS n ) = cat(A?2) = 3 
for n > 4. 

Example 3.6 (@) Let p = 3 and a = 772°cti(3)°af2{6) as * n /Q/- 27ien we have that H\{a) — 
ai(3)oa 2 (6) ^ 0, £ 2 fP(a) ^ and S 4 iJi(a) = 6?/ Let Af 3 -> 5 14 6e f/ie bundle with fibre 

S 2 induced by E(a x (3) °a 2 (6)) : S" 14 -» S 4 /rom t/ie owidZe CP 3 -» HP 1 = S i with fibre S 2 . By the 
argument given in Jfy shows that M3 has a CW- decomposition as A/3 ea S 2 U Q e 14 U^, e 16 . Then Theorem 



34 implies that cat(Af 3 xS n ) = cat(M 3 ) = 3 for n > 2. 



Finally, Theorem [2.5| and [M Theorem 5.2] imply the following result. 

Theorem 3.7 Let a manifold X be the total space of a S r -bundle over S t+1 with a characteristic map 
: S r xS t — > S r , t > r > 1, and let a — ^\s*- When Hi (a) 7^ and (3 is a co-H-map, we obtain that 
X{p) = S r U a e t+1 U^o/j e v+1 is o/cat(X(/3)) = 3 if and only ifWHi(a)o/3 ^ 0. 



4 Proof of Lemma 1276 



Let cat(Q) = 2 with t > r > 1. In the remainder of this paper, we distinguish a map from its homotopy 
class to make the arguments clear. 

Here, let us recall the definition of a relative Whitehead product: For maps / : "EX —> Af and 
g : (C(Y),Y) -> (K,L), we denote by [f,g] lcl : X*Y = C{X)xY U XxC(Y) -> MxL U {*}xK the 
relative Whitehead product, which is given by 

[f,g] Tel \c{X)xY(t/\x,y) = {f(tAx),g(y)) and 
[f,9] Tel \xxc(Y){x,t/\y) = {*,g(tAy)). 

Also a pairing F : MxL — > Af with axes 1m and h : L — > Af (see Oda jlTJl) determines a map 

(P U Xft) : (Af xL U {*}xK) -> (Af U,, if, Af) 

by (P U xzOIa/xl = P and (P U Xh)\{*\xK = Xh, where \h ■ (K,L) -*■ (Af U/, P, Af ) is a relative 
homeomorphism given by the restriction of the identification map Af U K — > Af U/i K . Then we can 
easily see that i/j : S r+t — * Q is given as 

^=(*UXaHtr,C(t t )], (4.1) 

where : 5 fc — > S' fe and C(tfc) : C(S fe ) — » C(5 fe ) denote the identity maps. 

■Q 

We denote by j? : P 4 (fiQ) A P°°(^Q) the classifying map of the fibration p? Q : P 4+1 (ftQ) -> 
P l (fiQ) and e? = eg^f, where eg, : P°°(r*Q) -» Q is a homotopy equivalence extending the evaluation 
map e^ — ev : Y,ilQ — > Q. Let Coo be the homotopy inverse of egj. Then we may assume that 
<7 oo\s r — ji 0(J (S r ) f° r dimensional reasons. 

Proposition 4.1 The following is a commutative diagram where the lower squares are pull-back dia- 
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grams. 

E 3 (QQ) 



nQ*E 2 (nQ) 



riQ*riQ*nQ (4.2) 



p 2 {nQ) 

A 



Q- 



p°°(fig)xErjQu {*}xP°°{nQ) 



[er,(e?xe«)o X[M] ]' 



QxQ ■ 



loxA c 



T 3 Q 



QxQxQ. 



Remark 4.2 The homotopy fibre QQ*QQ*QQ — > T 3 Q 0/ i/ie inclusion 

T 3 Q — Qx(QvQ) U {*}x(QxQ) Qx(QxQ) 
is given by a relative Whitehead product [ef , (e^xe^)o^[ t it ]] rcl , where 1 denotes the identity l^nQ & n (> 

X[ M ] : (C*(fJQ*ftQ),OQ*ftQ) -» (SfiQxSfiQ, HfiQVEfiQ) 
denotes a relative homeomorphism. 



ifu<± 



A lifting (Tq of Aq in diagram (4.2) is given by the following data: 

^ols" ={(3?°<r(S r )) xa(S r ))oA S r 
and o'oIqx.S'- for uAx E (0, l]xS , */{l}x5 r C Q, 

a' (uAx) = { (0'M^ r ))°« x ( T(^)°«)o J ff 4 (2 U A 2 ;) 
\ (x a (2u - l,afi),Xa(2« - 1,2:2)), fh(x) = {xi,x 2 ) if u > 5, 

where P t is a homotopy Agt ~ in S t xS t , fik = S '■ S S k V S k denotes the unique co-H- 

structure of S k and Xa is a null-homotopy a^Xa : (C(5*),5*) -> (Q, S r ) -> (P°°(QQ), im(jf °er(S"'))) 

of j^ocr(S' T ')oQ; ~ *. 

Since the lower left square of diagram (4.2) is a homotopy pullback diagram, o~' and the identity 1q 
defines a lifting Co : Q — > P 2 (£IQ) of 1q. 

Proof of Proposition By ||, Lemma 2.1] with (X, A) = (P°°(f2Q), {*}), (Y, P) = (P°°(0<9), SOQ), 
Z = P°°(QQ) and f = g = lp^(nQ), we have the following homotopy pushout-pullback diagram: 



E 2 (UQ) 



{*} 



(4.3) 



HPO 



A, 



p 2 (^q) — ^-p°°(fig)xi]r2Qu {*}xP°°(f7Q) 



HPB 



QxQ, 
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where we replaced P°°(f2Q) by Q in the bottom, since P°°(f2Q) is the homotopy equivalent with Q by 
eg : P°°(ftQ) -► Q and : Q -> P°°(r!Q). 

By |, Lemma 2.1] with = (P°°(fiQ), {*}), (Y, P) = (P°°(flQ), EfiQ), Z = {*} and / = g = *, 

we have the following homotopy pushout-pullback diagram: 



ttQxE 2 (QQ) 



pr 2 



P r l 



HPO 



E 2 (flQ) 



nQ*E 2 (nQ) »i P°°(fiQ)xErjQ U {*}xP°°(ftQ) 



HPB 



{*}■ 



xe7U»xe: 



QxQ, 



(4.4) 



where X p "Q : (C (E 2 (QQ)) , E 2 (QQ)) — > (P 2 (f2Q), EOQ) is a relative homeomorphism. 

The above constructions give a standard f2Q-projective plane P 2 (fiQ) and a standard projection ® : 
E 3 (flQ) — > P 2 (f2Q). In fact, the diagonal map Aq : Q — » QxQxQ is the composition (IqxAq)oAq 
and there is the following homotopy pushout-pullback diagram by || Lemma 2.1] with (X, A) = (Q, {*}), 
(Y,B) = (QxQ, QVQ), Z = QxQ, f = pr 1 and g = A Q opr 2 : 



{*}x£ftQC 



{*}xQ 



HPO 



QxS^Q P°°(f2Q)x£ftQ U {*}xP°°(ftQ) 



T J Q 



HPB 



QxQ- 



loxAr 



QxQxQ. 



By combining this diagram with diagrams (4.3) and (4.4), we obtain the desired diagram 



QPP. 



Since there is a right action of S'xS* on S r xS r by f 2 = (f x$)o(lxTxl) : S r xS r xS t xS t -» 
S r xS r , we obtain the following. 

Proposition 4.3 TTie map : 5* -> P°°(nQ)xSfiQ U {*}xP°°(QQ) satisfies 

°0>»l> ~ (((JIMS!) X a(^))oVl/ 2 U (Xa V Xa))°[Mr, C^)] 1 * 

wAere vp2 = * 2 | (s . vsr)x(stvst) : (S»W) x (S*VS*) - S' r VS' r . 

Proof. By Q, we know a' ^ = o*' a o(q> U X a)°k, C(i t )] rcl = o£o(* U X «) = (<7oUa(S-)°* u 



(T d Xa) [ l nC(tt)] rcl , where we have 

<r' \uno(sr)°y =j?°<r(S r )°&Sro® = jf o CT (^)ovI/ 2 o(A s .xA s and 

*o°Xa = ((j?°o-(S r ))oax(j? oa(S r ))oa)oH t + (Xa^Xa)oC(^), 

where the addition denotes the composition of homotopies. Using the same homotopy H t : A$t ~ /it, 
we obtain homotopies 

^| im(T (s f -)°*~i 1 Q °0-(5 r ')o* 2 o(A S rX/it), and CT^oXa ~ (XaVXaJoC^t) 



G 



which fit together into a homotopy 

o / o(* U Xa ) ~ ({(J? oa(S r )) x <r(S r ))°* 2 °(A S r x Mt ) U ( Xa V Xa)°C( Mt )). 
Then the homotopy H r : A S r ~ /x r gives the homotopy relation 

~ (((jM^)) X f 7(5 r ))o* 2 c( /Ur X iUt ) U ( Xa yXa)oC(^))o[ Lr ,C(L t )Y C \ 

which yields ~ (((jf 0< r(ST)) x a(^))°*o U ( Xq V C( M i)] rel . QSD- 

Hence by the definition of cto and -0, we obtain the following. 

Proposition 4.4 Aqo P ^o^»(^) ~ bf°<x(S r ), xj rd , 

Proof. By the definition of cto, we obtain 

Aqo(j o o-0 ~ a' ^ ~ (((. ?1 Q oa(5 1 ')) x a(^))c*2 y fe v X«))°[Mr, C(Mt)] rel . 

Let in, : Z -> ZVZ be the inclusion to the i-th factor. Then [ Mr ,C(^)] rcl : S r+t -> (S r VS r ) x (S'vS*) 
can be deformed as 

\p, r , C(nt)] lcl ~ [in! o Lr + in 2 °i r , in! oC(t t ) + in 2 oC(t t )] rcl 
- [ini o/, r , im oC(i ( )] rcl + [in 2 in 2 oC(/. 4 )] rcl 

+ [in 2 ot r , im oC(/. t )] rcl + [ini o tr , in 2 oC(t t )] rcl 
~ [ini °tr, ini °C(/. t )] rcl + [in 2 ot r , in 2 oC(/, 4 )] rcl 

+ [in 2 o tr , im oC(t t )] rcl + [ini °i r , in 2 oC(t t )] rcl 

in (5 r V5 r )x(5 t V5 t ). Thus we have 

Agoaoo^ ~ (((j?oo-(S r )) x a(S r ))o^ 2 U (* a V Xa))°[mi °t r , ini °C( tt )] rcl 

+ (((. ? i Q o CT (5 r )) x a(S r ))^ 2 U V Xa))o[in 2 olr , in 2 oC^)]" 3 ' 
+ (((j?oa(S r )) x <7(S r ))o*2 u fe v Xa))°[in 2 ot r , im oC( it )] rcl 
+ (((j?oa(S r )) x <7(S r ))°*o u {Xa v Xa ))o[im o tr , in 2 oC(i t )Y cl 

~ im o(j«oa(S r )o* U Xa)»[tr, C(t t )] rcl 

+ in 2 o(j? 0^).$ U Xa)°[tr, C(t t )] rCl 

+ [Xa,i?o^ r )] rel °r+ b'?°^(^),Xa] rel , 

where f : S r+t = S r ~ 1 *S t -> S**^" 1 = S r+t is a switching map. Since [ Xa , jf °cr(S r )] rcl - * in 
P°°(f7Q)x£0Q U {*}xP°°(fi<2), we proceed as 

Aqoo- o o-0 ~ ini oCTooO-0 + in 2 oo-ooOtP + [jf o(j(S r ) , Xaf^ ■ 

On the other hand, we have 

A Q o£QV°<7(S r+t ) - (jfxjf)oA SO QoEr2^oa(5 r+t ) 

= (.?i Q Xji Q )o(S^o (T (S* r+ *) X S^ocr(S* r+ *))oA s , +t 

~ (j 1 Q oEr2^oa(5 r+t )Vi 2 Q oEr2^oCT(5 r+t ))o A i r+t 
= ini °er O o°'0 + in 2 

Since a higher Hopf invariant H^iip) is the difference between a a oip and j^o£fi'i/W(,S' r+ *), we get the 
desired homotopy relation. QED. 

Next we show the following. 

Proposition 4.5 There is a homotopy relation X a ~ X p n Q°C(Hi(a)) + jf°So : (C(S , *),S'*) — > 
(P°°(QQ), im(jf oa(S r ) j) for some So : S t+1 — ► where the addition is given by the coaction 

(C(5*),5*) (C(S*)VS* +1 ,S*)- 
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Proof. Let x' a ■ (C(5*), S l ) -> (P 2 (^<3), EftQ) be the map given by the deformation of a to p^oH^a) 
in SfiQ and by x p «Q°C(Pi(a)) : (C(S*),,S*) -> (P 2 (ftQ), £OQ) as in § Lemma 5.4, Remark 5.5], 
where we denote by C the functor taking cones. Then by definition, we have x' a ~ X p n< 3°C(^i( Q; )) m 

(P 2 (fiQ),SOQ) and j?o X 'J st = j? o<j(S r ) oa = XqIs*- Hence the difference between \a and j^°Xa is 
given by a map 5 : S t+1 -> P°°(ftQ)~Q, which can be pulled back to 5 : S t+1 -> SOQ (c P 2 {SIQ)) (see 
the proof of (|, Theorem 5.6]). Thus we have \a ~ 32°x' a + J? o ^0 ~ j? X p n Q°C(^i(Q ; )) +i? o( ^0- QED. 



Now we prove Lemma [^J] using Propositions L4 and |L5J. 



±bf»i2 °X p? «] rel °(^loQ*nQ)°(l s ,- 1 *ffi(a)) + OrVjr)°[(7( 1 9 r )^o 



by Propositions 4.4 and 4.5. Since [cr(S ,r ), 5q] ~ in EfiQxS^Q, we proceed as 



Since the relative Whitehead product \j± , j% °Xp nt ?] ral induces a split monomorphism in homotopy 



h Q ,i 2 Q °x p? «] re] 

groups, we have H%°(ip) ~ ±(z*lfiQ*nQ)oE r ifi(a). Thus we obtain 

£T#(V0 9 W] = ±[(?*lngrfig)oE r fri(a)]. 
This completes the proof of Lemma Ell 



5 Proof of Theorem 1275 



Let J : S v -> S r+t be a co-H-map. If [E r Pa(a)o^] = 0, then we have #f 9 [-HJ W0°/3] = 

±[(«*lnQ*fiQ)°£ r JTi(a)o/3] = by Lemma |2.6| . Hence we show the converse. There are cofibre sequences 
as follows: 

S t ^ S r ^ Q -4 S t+ \ S r+t £ Q ± E -I S r+t+1 . 

By the arguments in we know there are 'standard' structures u(S r ) : S r — > P 1 (fiS' T ') and oq : Q — » 
P 2 (ftQ) for cat(S" ) = 1 and cat(Q) = 2, respectively, where ct |s- = <r(S r ) in P 2 {ttQ). 

Let it be a structure for cat(Q) = 2 with fffWO /^ ~ in P 3 (S1<3). For dimensional reasons, cr|gr 
is homotopic to cr(S r ) which is given by the bottom-cell inclusion. We regard : P 2 (QQ) — > <5 as a 

fibration with fibre P 3 (f2Q) % P 2 (flQ) and (To as a cross-section of e^. Then by the definition of a 
structure, we have e^oer ~ 1q. Thus we obtain the following homotopy relations: 

o-\ S r ~ a(S r ) = a \ S r in P 2 (f!Q), e$oa ~ e£»o- = 1 Q . 
Thus the difference between er and cro is given by a map 7 : 5" t+1 — » P 2 (ilQ) which can be lift to E 3 (£IQ): 

cr~(r + 7 inP 2 (flQ), 

where the addition is taken by the coaction // : Q — ► Q V 5 t+1 along the collapsing q : Q — > S** +1 . Thus 
we obtain that cro-0 ~ {cr , ^o/joip in P 2 (ilQ), where {0-0,7} : Q V S 1 ^ 1 — > P 2 (ilQ) is a map given by 
Wo,i}\q = °o and {a ,j}\ S t+i = 7. 
By the definition of ip, we have 



fioip ~ (-0 v go^)o/x + [4, 4' +1 ] ~ (0 v + [4, 4' +1 ] in QVS* 

isio 

ao^-(Joo^+[cr(S" r ),7] in P 2 (fiQ), 



where i' r : S r ^ Q ^ Q*VS t+1 and t'/+i : "S*^ 1 ^ Q\/S t+1 are inclusions. Hence we have 

32/ 
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which yields the following homotopy relation, since (3 is a co-H-map: 

~ P 2 Q oH^(tP)o(3 ~ P 2 (niP)o<j(S r+t )o[3 - aoip p 
~ P 2 (Q^)oa(S r+t )of3 ~ (<T oi>oj3 + [a{S r ), 7 ]o/3) 
~ (P 2 (^)o (7 (^+ t ) - (7 o^) o /3 - [a(S r ),i]oj3 

~ ^oflj (^)o/3 - [a(5 r ),7]°/3 ~ ±^ sr oS''i/i(a)o/3 - 7]°/? 
in P 2 (f2Q). To proceed further, we consider the following commutative ladder of fibre sequences 

p ns r e s r 

ns r c — *- E 3 (ns r ) p 2 (ns r ) s r 



P2 



nQ c ». s 3 (r>Q) -^-»- P 2 (fiQ) — ^ Q 



Since the pair (E 3 (flQ) 1 E 3 (nS r )) is (i + 2r - l)-connected and t + 1 < r + < < t + 2r - 1, r > 1, 
we have ir t +i(E 3 (nQ)) = 7r t+ i (£ 3 (nS' r )) and n r+t {E 3 {QQ)) = n r+t (E 3 {nS r )). Since 7 can be lift to 
E 3 (flQ) and we kn ow 7 r t+ i(P 3 (£lQ)) = TT t +i(E 3 (H,S r )), we may regard that the image of 7 is contained 
in P 2 (QS r ). Thus ( |5.l|) implies a homotopy relation 

p^ r U- 1 *^(n^)° Sr - ff i( a )°/ 3 ~ ± [ CT ( 5r )'7]°/3 inP 2 (ttQ). (5.2) 

Since pSj 2 ^ induces a split monomorphism in the homotopy groups of dimension r + t and we know 
TT r+t (E 3 (QQ)) = 7r r+t (P 3 (i75 r )), ( |5~2] ) implies a homotopy relation 

p^V-i*^(^)°£ r #i(a) ~ ±WS r ),j] in P 2 (f>S r ). 

To show E r Hi{a)o(3 is trivial, we use the following proposition obtained by a straight-forward cal- 
culation (see Mac Lane [Tiq| , Stasheff |Q or ||, for example) of Bar resolution: 

Proposition 5.1 The composition map 

d : E m+1 (SlS r ) P ^ P m (riS r ) -» P m (f7S* r )/£ftS r ~ £P m (ftS r ) 
induces a homomorphism 

8» : ff*(A ro+1 OS r ;Z) -> P»(A m r!S r ; Z), 

which is given by 

m 

d4x ao ®x ai ® ■ ■ ■ ®x am ) = ^{-iy X a °® ■ ■ ■ Ox a - 1+ai ® ■ • ■ ®x a ™, 

i=l 

where ao, • ■ • , a rn > 1 and x S H r -i(QS r ; Z) is the generator of the Pontryagin ring H< f (ttS' r ] Z). 
Corollary 5.1.1 The composition map 

d' : s r - 1 *E 2 (ns r ) c E 3 (ns r ) ^ zE 2 (ns r ) -» Y,E 2 (ns r )/j:{s r - 1 *ns r ) 

induces an isomorphism 

a, : H4s r - 1 Ans r Ans r -,z) -> H*((ns r /s r - l )Ans r ;Z), 

which is given by 

d'^{x®x j ®x k ) = -x j+1 ®x k , j,k>l. 

Thus we obtain a left homotopy inverse of p^ s \s r - 1 *E 2 (QS r ) '■ S r ~ 1 *E 2 (£lS r ) — * P 2 (ftS r ) as a com- 
position map p 2 (ns r ) -> p 2 (QS r )/ sas,r « T,E 2 (ns r ) -> E£ 2 (fiS T j/£(s r - 1 *QS' r ) ~ s ,r "- 1 *.E 2 (QS r ), 

where the image of IT -Hi(a) lies in S r - 1 *.E 2 (fiS r ). On the other hand by the fact that imcr(S r ) C EftS r , 
we also know that the Whitehead product [a(S r ), 7] vanishes in the quotient space P 2 (n,S r )/IXlS r , and 
hence never appears non-trivially in S r ~ 1 *E 2 (£lS r ). Thus we conclude that £ r Pi(a)o/3 is trivial. 
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